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In this paper, we present partial results towards the conjectured nonexistence of
homogeneous rotation symmetric bent functions having degree > 2.
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1. Introduction
Rotation symmetric (RotS) Boolean functions were first introduced at Eurocrypt 1998 (see [3]). For RotS functions, one
can reuse evaluations from previous iterations. This property provides efficient evaluation of the function. Hence, RotS
functions have been used as components of different cryptosystems. In [6], Pieprzyk and Qu used RotS functions as the
components in the rounds of a hashing algorithm. RotS functions are also used as the components in the round of hashing
algorithms in MD4, MD5 and HAVAL (see [9]).
The number of RotS functions is a small fraction of the total number of Boolean functions (see [10]) and the set contains
functions with good cryptographic properties. It has been experimentally demonstrated that there are functions in this
class which are rich in terms of good cryptographic properties, such as balancedness, nonlinearity, correlation immunity,
algebraic degree and algebraic immunity (see [2–5,10,11]).
In another direction, rotation symmetric bent functions have been studied in [3,10,11]. By experimental observation,
Stănică et al. gave a conjecture in [10] that there are no homogeneous bent RotS functions of degree> 2. Here, we present a
large class of homogeneous RotS functions which are not bent in this paper. This partially answers the conjecture presented
in [10].
2. Preliminaries
Let F n2 be the n-dimensional vector space over binary field F2, and Bn be the set of all n-variable Boolean functions.
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Let xi (1 ≤ i ≤ n) be a variable, we define the action ρkn (1 ≤ k ≤ n) as
ρkn(xi) =
{
xi+k, i+ k ≤ n;
xi+k−n, i+ k > n.
For (a1, . . . , an) ∈ F n2 , we define ρkn(a1, . . . , an) = (ρkn(a1), . . . , ρkn(an)), where the definition of ρkn(ai) is the same as
ρkn(xi) (1 ≤ i ≤ n). We also define the action ρkn on a monomial:
ρkn(xi1xi2 · · · xid) = ρkn(xi1)ρkn(xi2) · · · ρkn(xid) (1 ≤ i1 < i2 < · · · < id ≤ n, 1 ≤ d ≤ n).
Gn(xi1xi2 · · · xid) = {ρkn(xi1xi2 · · · xid)|1 ≤ k ≤ n} is called the orbit of monomial xi1xi2 · · · xid . It is easy to see that the
number of monomials in set Gn(xi1xi2 · · · xid) is a factor of n.
Definition 1. f is a RotS function if and only if for any a ∈ F n2 , f (ρkn(a)) = f (a) for all 1 ≤ k ≤ n.
f (x1, . . . , xn) can be written as a0 ⊕ ⊕1≤i≤n aixi ⊕ ⊕1≤i<j≤n aijxixj ⊕ · · · ⊕ a12...nx1x2 · · · xn, where the coefficients
a0, ai, aij, . . . , a12...n ∈ F2. This representation of f is called the algebraic normal form (ANF) of f . deg(f ) is the algebraic
degree of f , which is the number of variables in the highest-order product termwith nonzero coefficient. A Boolean function
is said to be homogeneous if its ANF contains terms of the same degree only.
Let f (x1, . . . , xn) be a RotS function. If the term x1xi2 · · · xid−1xid appears in its ANF, then all the terms from Gn(x1xi2 · · · xid)
also appear in its ANF.
Definition 2. We give the short algebraic normal form (SANF) of a RotS function f as
a0 ⊕ a1x1 ⊕
⊕
1≤j≤n
a1jx1xj ⊕ · · · ⊕ a12...nx1x2 · · · xn,
where the coefficients a0, a1, a1j, . . . , a12...n ∈ F2, and the existence of a representative term x1xi2 · · · xid implies the existence
of all terms from Gn(x1xi2 · · · xid).
Example 3. f (x1, x2, x3, x4) = (x1x3 ⊕ x2x4)⊕ (x1 ⊕ x2 ⊕ x3 ⊕ x4) is a RotS function. The SANF of f is x1x3 ⊕ x1.
The set of all affine functions in Bn is denoted by An. For a = (a1, . . . , an) ∈ F n2 , w(a) is the Hamming weight of a;
i.e., w(a) = #{i|1 ≤ i ≤ n, ai = 1}, where ‘‘# ’’ stands for the cardinality of the set. w(f (x)) is the Hamming weight of
f (x); i.e., w(f (x)) = #{x ∈ F n2 |f (x) = 1}. f (x) is balanced if w(f (x)) = 2n−1. d(f (x), g(x)) = w(f (x)⊕ g(x)) is the distance
between f (x) and g(x).
The nonlinearity of f is N(f ) = ming ∈A n d(f , g). For any f (x) ∈ Bn, N(f ) ≤ 2n−1 − 2 n2−1, and the equality holds if and
only if f is bent.
The Walsh transform of f (x) is an integer-valued function over F n2 which is defined as
Wf (c) =
∑
x∈Fn2
(−1)f (x)⊕c·x,
where addition ‘‘
∑
’’ is over the reals, addition ‘‘⊕’’ is over F2, c = (c1, . . . , cn) ∈ F n2 , and c · x = c1x1 ⊕ c2x2 ⊕ · · · ⊕ cnxn.
The nonlinearity of f can also be given by
N(f ) = 2n−1 − 1
2
max
c∈Fn2
|Wf (c)|.
f (x) is bent if and only if, for any c ∈ F n2 , |Wf (c)| = 2
n
2 .
Let g(x) ∈ Bn, if g(x) = f (xA⊕ b)⊕ c holds for some binary nonsingular n× nmatrix A, b ∈ F n2 and c ∈ F2, then f (x) and
g(x) are called affinely equivalent. Two affinely equivalent Boolean functions have the same nonlinearity.
Example 4. Let f1(x) and f2(x) be two 6-variable RotS functions. The SANF of f1(x) is x1x2x3 and the SANF of f2(x) is x1x3x4,
and we can calculate that N(f1) = 18 and N(f2) = 24; hence f1(x) and f2(x) are not affinely equivalent.
If f is both homogeneous and a RotS function, then f is called a homogeneous RotS function.
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3. Some results about homogeneous bent RotS functions
Since bent functions on n variables possess the maximum possible nonlinearity 2n−1 − 2 n2−1, they are used in
cryptography and communication. The construction and classification of bent functions are important problems in
cryptology. Stănică et al. [10] got all the bent functions in 8 variables from RotSs with the help of a computer, but they
found no homogeneous bent RotS functions of degree > 2 up to 10 variables. The following conjecture was proposed by
them.
Conjecture 5. There are no homogeneous bent RotS functions of degree> 2.
Up to now, the conjecture has not been proved. If the conjecture holds, we can increase the speed of findingmore rotation
symmetric bent functions. There are some special results which are positive for Conjecture 5. For example, Stănică gave the
following result in [8]:
Lemma 6. Let f be a homogeneous RotS function. If the SANF of f is x1x2 · · · xd−1xd with d > 2, then f is not bent.
Now let us introduce some propositions before we give a better result.
Let f (x) ∈ Bn; for 1 ≤ i1 < · · · < ik ≤ n, b = (b1, . . . , bk) ∈ F k2 , k ≤ n, we denote by f b1,...,bki1,...,ik the Boolean function in
Bn−k, obtained from f by fixing the variables xi1 = b1, . . . , xik = bk, and this function can be seen as the restriction of f on
the affine subspace a⊕ L of F n2 , where
L = {u = (u1, . . . , un) ∈ F n2 |ui1 = ui2 = · · · = uik = 0},
a ∈ F n2 such that the components aij = bj for j ∈ {1, . . . , k}, and al = 0 for l 6∈ {i1, . . . , ik}.
If S is a subspace of F n2 , we let dim(S) denote the dimension of S; that is, the number of linear independent vectors in S
which span S. For example, for the subspace L, we have dim(L) = n− k. S⊥ = {x ∈ F n2 |∀y ∈ S, x · y = 0} is the orthogonal
complement of S. S⊥ is also a subspace of F n2 , and dim(S)+ dim(S⊥) = n.
Proposition 7. Let f (x) ∈ Bn; then, for any 1 ≤ k ≤ n, 1 ≤ i1 < · · · < ik ≤ n, and b = (b1, . . . , bk) ∈ F k2 , the inequality
maxc1∈Fn−k2 |Wf b1,b2,...,bki1,i2,...,ik (c1)| ≤ maxc2∈F
n
2
|Wf (c2)| holds.
Proof. It has been proved in [1, pp. 21] that, for arbitrary subspace L ⊆ F n2 and arbitrary vectors a,m ∈ F n2 ,
2dim L−n(−1)a·m
∑
c2∈L⊥⊕m
Wf (c2)(−1)a·x =
∑
x∈a⊕L
(−1)f (x)⊕m·x.
We take
L = {u ∈ F n2 |ui1 = ui2 = · · · = uik = 0},
and a = (a1, . . . , an) such that aij = bj for j ∈ {1, . . . , k}, and al = 0 for l 6∈ {i1, . . . , ik}. If m = (m1, . . . ,mn) such that
mi1 = mi2 = · · · = mik = 0, then m can be seen as a variable c1 ∈ F n−k2 by omitting mi1 ,mi2 , . . . ,mik . Then, for any
c1 ∈ F n−k2 ,
|W
f
b1,b2,...,bk
i1,i2,...,ik
(c1)| =
∣∣∣∣∣∑
x∈a⊕L
(−1)f (x)⊕m·x
∣∣∣∣∣
= |2dim L−n(−1)a·m
∑
c2∈L⊥⊕m
Wf (c2)(−1)a·x|
≤ 2dim L−n · 2n−dim L max
c2∈Fn2
|Wf (c2)|
= max
c2∈Fn2
|Wf (c2)|.
Hence, maxc1∈Fn−k2 |Wf b1,b2,...,bki1,i2,...,ik (c1)| ≤ maxc2∈F
n
2
|Wf (c2)|. 
Proposition 8. Let n ≥ 2 and g(x1, . . . , xn) = x1x2 · · · xn; thenmaxc∈Fn2 |Wg(c)| = 2n − 2.
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Proof. Let c = (c1, . . . , cn) ∈ F n2 ; then
Wg(c) =
∑
x∈Fn2
(−1)g(x)⊕c·x
= (−1)1
n⊕
i=1
ci +
∑
x∈Fn2 \(1,1,...,1)
(−1)c·x
=
∑
x∈Fn2
(−1)c·x − 2(−1)
n⊕
i=1
ci
=
{
2n − 2, if c = (0, 0, . . . , 0);
±2, if c 6= (0, 0, . . . , 0).
Hence, maxc∈Fn2 |Wg(c)| = 2n − 2. 
Proposition 9. Let f (x1, . . . , xn) ∈ Bn and g(x1, x2, . . . , xn, y1, . . . , ym) ∈ Bm+n; if
g(x1, x2, . . . , xn, y1, . . . , ym) = f (x1, . . . , xn)
holds for any (x1, x2, . . . , xn) ∈ F n2 and any (y1, y2, . . . , ym) ∈ Fm2 , then
max
c∈Fm+n2
|Wg(c)| = 2m max
c1∈Fn2
|Wf (c1)|.
Proposition 9 is a special case of the following proposition. It is known that this proposition holds [1, pp. 98].
Proposition 10. Let f (x1, . . . , xr) ∈ Br , g(xr+1, . . . , xr+s) ∈ Bs and h(x1, . . . , xr , xr+1, . . . , xr+s) ∈ Br+s. If h(x1, . . . , xr ,
xr+1, . . . , xr+s) = f (x1, . . . , xr)⊕ g(xr+1, . . . , xr+s), then for any a ∈ F r2 and b ∈ F s2, Wh(a, b) = Wf (a)Wg(b).
Theorem 11. Let f be an n-variable homogeneous RotS function. If the SANF of f is x1xi2 · · · xid−1xid with n ≥ 4, d > 2 and
1 < i2 < · · · < id ≤ n, then f is not bent.
Proof. Herewe assume that f (x) is bent; then n is even and |Wf (c)| = 2 n2 holds for any c ∈ F n2 . Let the number ofmonomials
in the ANF of f (x) be r; then r is a factor of n. Here we prove that f is not bent in two cases.
If r < n, then r ≤ n2 . If we want the ANF of f (x) to become a monomial
x1xi2 · · · xid−1xid ,
we only need to choose at most n2 − 1 variables and let them be 0; that is, there exist k numbers j1, . . . , jk, such that
f 0,...,0j1,...,jk = x1xi2 · · · xid−1xid , 1 ≤ k ≤
n
2
− 1.
There are n− k− d variables which do not occur in the ANF of f 0,...,0j1,...,jk . From Propositions 8 and 9, we get that
max
c1∈Fn−k2
|Wf 0,...,0j1,...,jk (c1)| = 2
n−k−d(2d − 2).
As f (x) is bent, we get that maxc∈Fn2 |Wf (c)| = 2
n
2 . From Proposition 7, we get
2n−k−d(2d − 2) ≤ 2 n2 .
Noting that k ≤ n2 − 1, we have the following inequality:
2n−(
n
2−1)−d(2d − 2) ≤ 2n−k−d(2d − 2) ≤ 2 n2 ,
and we get
2
n
2−d+1(2d − 2) ≤ 2 n2 ,
which is equivalent to
2
n
2+1 ≤ 2 n2 + 2 n2−d+2.
Noting that d > 2, we get
2
n
2 + 2 n2−d+2 < 2 n2 + 2 n2 = 2 n2+1,
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which is a contradiction. In this situation, f (x) is not bent.
If r = n, then every variable of f (x) occurs in dmonomials in the ANF of f (x). We let x1 = 0; then there are dmonomials
disappearing in the ANF of f (x), and we get the function f 01 = f (0, x2, . . . , xn). If there is a variable xj2 that occurs in at least
two monomials in the ANF of f 01 , let xj2 = 0, then there are at least two monomials disappearing in the ANF of f 01 , and we
get the function f 0,01,j2 . Generally speaking, we get the function f
0,0,0,...,0
1,j2,j3,...,jm
. If there is a variable xjm+1 that occurs in at least two
monomials in the ANF of f 0,0,0,...,01,j2,j3,...,jm , we let xjm+1 = 0, then there are at least two monomials disappearing in the ANF of
f 0,0,0,...,01,j2,j3,...,jm , and we get function f
0,0,0,...,0,0
1,j2,j3,...,jm,jm+1 . Assume that we get (n − k)-variable function f 0,0,0,...,0,01,j2,j3,...,jk−1,jk in the end, and
that every variable in {1, 2, . . . , n} \ {1, j2, . . . , jk} occurs in at most one monomial in the ANF of f 0,0,0,...,0,01,j2,j3,...,jk−1,jk . We let k1 be
the number of monomials in the ANF of f 0,0,0,...,0,01,j2,j3,...,jk−1,jk , 0 ≤ k1 ≤ n− (2(k− 1)+ d).
If k1 = 0, i.e., f 0,0,0,...,0,01,j2,j3,...,jk−1,jk = 0, then N(f 0,0,0,...,0,01,j2,j3,...,jk−1,jk) = 0, and from the inequality n − (2(k − 1) + d) ≥ 0, we get
k ≤ n2 − 1. From Proposition 7, we get
max
c1∈Fn−k2
|Wf 0,0,0,...,0,01,j2,j3,...,jk−1,jk (c1)| ≤ maxc∈Fn2
|Wf (c)| = 2 n2 ;
hence
N(f 0,0,0,...,0,01,j2,j3,...,jk−1,jk) = 2n−k−1 −
1
2
max
c1∈Fn−k2
|W 0,0,0,...,0,01,j2,j3,...,jk−1,jk(c1)|
≥ 2n−( n2−1+1) − 2 n2−1 = 2 n2−1 > 0,
which is a contradiction.
If k1 > 0, there are k1 · d variables that occur in the ANF of f 0,0,0,...,0,01,j2,j3,...,jk−1,jk ; meanwhile, there are n − k − k1 · d variables
which do not occur in the ANF. From Propositions 8–10, we get that
max
c1∈Fn−k2
|Wf 0,0,0,...,0,01,j2,j3,...,jk−1,jk (c1)| = 2
n−k−k1·d(2d − 2)k1 .
From Proposition 7, we have
max
c1∈Fn−k2
|Wf 0,0,0,...,0,01,j2,j3,...,jk−1,jk (c1)| ≤ maxc∈Fn2
|Wf (c)|;
that is,
2n−k−k1·d(2d − 2)k1 ≤ 2 n2 ,
which is equivalent to
(1− 21−d)k1 ≤ 2k− n2 .
Since d ≥ 3, we get(
3
4
)k1
= (1− 2−2)k1 ≤ (1− 21−d)k1 ≤ 2k− n2 .
Since ( 34 )
k1 > (2−
1
2 )k1 = 2− k12 , we get 2− k12 < 2k− n2 , and so, n− 2k < k1. Since there are at least d+ 2(k− 1)monomials
disappearing in the ANF of f (x)when we let x1 = 0, xj2 = 0, xj3 = 0, . . . , xjk = 0, we get
k1 ≤ n− (d+ 2(k− 1)) < n− 2k,
which contradicts the above inequality. Hence f (x) is not bent. 
Note: From Example 4, we know that Theorem 11 cannot be derived by taking the affine equivalent of the function in
Lemma 6.
Theorem 12. If d > 2, then the homogeneous RotS function
f (x1, . . . , xn) =
⊕
1≤j1<j2<···<jd≤n
xj1xj2 · · · xjd
is not bent.
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Theorem 12 was originally proved by Savický in 1994 [7]. The ANF of the function in Theorem 12 contains all the
monomials of degree d, while the SANF of the function in Theorem 11 contains only one monomial.
Consider a homogeneous RotS function f of degree dwith its SANF given by
⊕
1≤i≤s βi, where βi = xk(i)1 xk(i)2 · · · xk(i)d (note
that k(i)1 is 1 for all i). We define a sequence s
(i)
j , j = 1, 2, . . . , d, by s(i)j = k(i)j+1−k(i)j for 1 ≤ j ≤ d−1, and s(i)d = k(i)1 +n−k(i)d .
Let sf be maxi,j s
(i)
j , that is, the largest distance between two consecutive indices in all monomials in the ANF of f . Then, we
have the following theorem.
Theorem 13. Let f be a homogeneous RotS function with degree d ≥ 3 in n variables. If sf ≤ n2 , then f is not bent.
Proof. Assume that f (x) is bent, then n is even and |Wf (c)| = 2 n2 holds for any c ∈ F n2 . Let x1 = x2 = · · · = x n2−1 = 0, we get
the ( n2+1)-variable function f 0,0,...,01,2,..., n2−1. If f
0,0,...,0
1,2,..., n2−1
is not 0, then, for anymonomial xj1xj2 · · · xjd( n2 ≤ j1 < j2 < · · · < jd ≤ n)
in the ANF of f 0,0,...,01,2,..., n2−1
, we have j1 + n− jd ≥ n2 + n− n = n2 .
If sf ≤ n2 − 1, it is easy to see that f 0,0,...,01,2,..., n2−1 is 0. Hence N(f
0,0,...,0
1,2,..., n2−1
) = 0. But, from Proposition 7, we get that
max
c1∈F
n
2+1
2
|Wf 0,0,...,0
1,2,..., n2−1
(c1)| ≤ max
c2∈Fn2
|Wf (c2)| = 2 n2 ,
and so,
N
(
f 0,0,...,01,2,..., n2−1
)
= 2( n2+1)−1 − 1
2
max
c1∈F
n
2+1
2
|Wf 0,0,...,0
1,2,..., n2−1
(c1)| ≥ 2 n2 − 2 n2−1 = 2 n2−1 > 0,
which is a contradiction. In this situation, f (x) is not bent.
If sf = n2 (note that n2 = sf ≥ j1+ n− jd ≥ n2 ), we can get j1 = n2 , jd = n. That is, every monomial in the ANF of f 0,0,...,01,2,..., n2−1
contains x n
2
and xn. Hence, there is a function g(x n2+1, . . . , xn−1) ∈ B n2−1, such that f
0,0,...,0
1,2,..., n2−1
= x n
2
xng(x n2+1, . . . , xn−1)with
deg(g) = d− 2 ≥ 1. Then, we have the following inequality:
d
(
f 0,0,...,01,2,..., n2−1
, 0
)
= w
(
f 0,0,...,01,2,..., n2−1
)
= w
(
x n
2
xng
(
x n
2+1, . . . , xn−1
))
= #
{
s ∈ F n2−12 |g(s) = 1
}
< 2
n
2−1 ≤ N
(
f 0,0,...,01,2,..., n2−1
)
.
The inequality above conflicts with the definition of nonlinearity of f 0,0,...,01,2,..., n2−1
.
Hence f (x) is not bent. 
Theorem 13 improves upon Theorem 2 of [8].
4. Conclusion
In this paper, we give some results about the nonexistence of homogeneous bent rotation symmetric functions.
Theorem 11 extends the previous result towards the conjecture obtained by Stănică (Lemma 6). From Theorem 12, we know
that a homogeneous totally symmetric function of degree > 2 is not bent. Theorem 13 tells us that if the largest distance
between two consecutive indices in allmonomials in the ANF of a homogeneous RotS function f ≤ n2 , then f is not bent.With
these results, we can increase the speed of finding more symmetric bent functions. Conjecture 5 is an interesting problem,
and it needs further research.
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